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Abstract 

In this paper we fill some gaps in the arguments of our previous papers [1,2]. In 
particular, we give a proof that the L operators of Conformal Field Theory indeed satisfy 
the defining relations of the Yang-Baxter algebra. Among other results we present a 
derivation of the functional relations satisfied by T and Q operators and a proof of the 
basic analyticity assumptions for these operators used in [1,2]. 
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1. Introduction 

This paper is a sequel to our works 0,0 wtiere we have introduced the families of 
operators T(A) and Q(A) which act in a highest weight Virasoro module and satisfy the 
commutativity conditions 

[T(A), T(AO] = [T(A), Q(A')] = [Q(A), Q(A')] = . (1.1) 

These operators are CFT analogs of Baxter's commuting transfer-matrices of integrable 
lattice theory . In the lattice theory the transfer-matrices are typically constructed as 
follows. One first finds an i?-matrix which solves the Yang-Baxter equation 

Here Tivvi 'R-vv", Ryy act in the tensor product of the identical vector spaces V, V 
and V" . Then one introduces the L-operator 

Lv/(A) = Rv/Vi(A)Rv'V2(A) . . .Rvvjv(A) , (1.3) 

which is considered as a matrix in V whose elements are operators acting in the tensor 
product 

Hn = ®ti , (1.4) 

where is the size of the lattice. The space ( |1.4D is interpreted as the space of states of 
the lattice theory. The operator ( |1.3| ) satisfies the defining relations of the Yang-Baxter 
algebra 

Kvv'iX/y) Ly(A)Ly,(A') = Lv'{X%vW Ryv-(A/A') . (1.5) 

It realizes, thereby, a representation of this algebra in the space of states of the lattice 
theory. The "transfer-matrix" 

Tv^(A) = TV^.[Lv.(A)] : Hn^Hn (1-6) 

satisfies the commutativity condition (|1.1D as a simple consequence of the defining relations 



In many cases the integrable lattice theory defined through the transfer-matrix ( |1.6| ) 
can be used as the starting point to construct an integrable quantum field theory (QFT). 
If the lattice system has a critical point one can define QFT by taking appropriate scaling 
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limit (which in particular involves the limit oo). Then the space of states of QFT 

appears as a certain subspace in the limiting space (|1.4|), Hqft C Hn ^oo- Although many 
integrable QFT can be constructed and studied this way (and this is essentially the way 
integrable QFT are obtained in Quantum Inverse Scattering Method ) , the alternative 
idea of constructing representations of Yang-Baxter algebra directly in the space of states 
Hqft of continuous QFT seems to be more attractive. This idea was the motivation of 
our constructions in [|l],0]. 

The natural starting point for implementing this idea is the Conformal Field The- 
ory (CFT) because the general structure of its space of states He ft is relatively well 
understood 0. The space He ft can be decomposed as 

HCFT = ®^^^[V^®V-] , (1.7) 

where and V_ are irreducible highest weight representations of "left" and "right" 



Virasoro algebras with the highest weights A and A respectively. The sum (|1.7|) may be 
finite (as in the "minimal models"), infinite or even continuous. In any case the space ( |1 . 7| ) 
can be embedded into a direct product Tichirai ® "^chirai of left and right "chiral" subspaces, 

Khiral = ©aV^ ■ (1-8) 

In [jl|,|^ we introduced the operators L(A) which realize particular representations of the 
Yang-Baxter algebra ( |1.5|) in the space ( |1.8| ). The commuting operators (|1 . 1| ) 



was con- 



structed in terms of these operators L. However, the proof that these operators actually 
satisfy the defining relations ( p..5|) of the Yang-Baxter algebra was not presented. The 
main purpose of this paper is to fill this gap. 

Here we remind some notations used in [|l|,0. Let f{u) be a free chiral Bose field, i.e. 
the operator- valued function 

M =iQ + iPu + y"^ e^"'' , (1.9) 
^ n 

where P, Q and {n = ±1, ±2, . . .) are operators which satisfy the commutation relations 
of the Heisenberg algebra 

[Q, ^] = 2 ; = 2 ■ ^^-^^^ 
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with real /3. The variable u is interpreted as a complex coordinate on 2D cylinder of a 
circumference 2n. The field (p{u) is a quasi-periodic function of u, i.e. 



<^{u + 2n) = ^{u) +2mP . (1.11) 

Let J-'p be the Fock space, i.e. the space generated by a free action of the operators a„ 
with n < on the vacuum vector | p) which satisfies 

o-n \ p) = , for n > ; 

(1.12) 

P \ p) = p \ p) ■ 

The space J-'p supports a highest weight representation of the Virasoro algebra generated 
by the operators 



o2tt 



du V , , c 







2n 



Tiu) + -\e^''- (1-13) 



with the Virasoro central charge 

c = 13 - 6 {/3^ + p-^) (1.14) 

and the highest weight 

Here T{u) denotes the composite field 

-13' T{u) =: ^'{uf : +(1 - (3^) ^"{u) + ^ (1.16) 

which is a periodic function, T{u + 27r) = T{u). The symbol : : denotes the standard 

normal ordering with respect to the Fock vacuum ( |1.12| ). It is well known that if the 



parameters (3 and p take generic values this representation of the Virasoro algebra is 
irreducible. For particular values of these parameters, when null-vectors appear in JF^, 
the irreducible representation Va(p) is obtained from jFp by factoring out all the invariant 
subspaces. In what follows we will always assume that all the invariant subspaces (if any) 
are factored out, and identify the spaces J-'p and Va(p)- 
The space 



admits the action of the exponential fields 

V±{u) =: e^^'^^") - exp ( ± 2 ^ ^^p {±2i(Q + Pu)) exp ( ^ 2 ^ ^g-^nn) _ 



n — ' n 

n=l n=l 



(1.18) 



(1.19) 



The following relations are easily verified from (|1.9| )-( pm] ) 

PV±{u) = V±{u) {P±f3^) , 
where a"i,cr2 = ±1. Moreover, 

V±{u + 2n) = e±4"^^ V±{u) . (1.20) 

Any CFT possesses infinitely many local Integrals of Motion (IM) I2/C-1 |^,|^ 

r.27r 



I 



2k-l 



/ —T2k{u), A; = 1,2..., (1.21) 

Jo 



where T2k{u) are certain local fields, polynomials in T{u) and its derivatives. For example 

T2{u)=T{u), T^{u)=:T^{u):, 

(1.22) 

T2k{u) =: T^{u) : + terms with the derivatives . 

Here : : denote appropriately regularized operator products, see [|l[ for details. There 
exists infinitely many densities ( |1.22| ) (one for each integer k [p!0| , pT[| ) such that all IM( |1.21J ) 
commute 

[l2fc-l,l2Z-l] = . (1.23) 
Consider the following operator matrix ||T^,p|B 

L,(A)=7r4L(A)] , (1.24) 

L(A) = e^'^^^ PexpjA^ du{V-{u) E + V+{u) q'^ F)^ , (1.25) 

where the exponential fields V±{u) are defined in (|L1|) and E, F and H are the generating 
elements of the quantum universal enveloping algebra Uq{^sl{2)) |1T5[] , 

[H, E] = 2E, [H, F] = -2F , [E, F] = , (1.26) 



^ Note that the discrete analog of the operator Li (A) has been used in |13,14] in the context 
of the quantum lattice KdV equation. 



with 



q = e^-^ . (1.27) 

The symbol TVj in ( |1.24]) stands for the {2j + 1) dimensional representation of f/q(s/(2)), 
so that ( p. ■ 24| ) is in fact (2j + 1) x (2j + 1) matrix whose elements are the operators acting 
in the space ( p..l7|) . Following the conventional terminology, we will refer to this space as 
the "quantum space" . The expression ( |1.24D contains the ordered exponential (the symbol 
V denotes the path ordering) which can be defined in terms of the power series in A as 
follows, 



L.(A) 
where 



AttPH 



fc=0 



K{ui)K{u2)---K{uk) duidu2---duk 



27r >Ki >?i2>...>itfe>0 



K{u) = V-{u) q-E + V+{u) q'-p . 



The integrals in (|1.28|) make perfect sense if 

— oo < c < 



(1.28) 



(1.29) 



(1.30) 



For —2 < c < 1 the integrals (|1.28| ) diverge and power series expansion of ( p..25|) should 
be written down in terms of contour integrals, as explained in (see also Appendix C of 
this paper). 

In Sect. 2 we will show that the operator matrices (|1.24| ) satisfy the relations (|1.5| ), 



(Lj(A) ® 1) (1 ® L^'(^)) = (1 ® Ljv(^)) (Lj(A) ® 1) KjfiX^-^) , (1.31) 

where the matrix Rjj/(A) is the i2-matrix associated with the representations nj, tx'- of 
C/g(s/(2)); in particular 

/q~^\ - qX~^ 



2 2 



(A) 



v 



A-A-^ q-'-q 
q-^-q A-A-i 



(1.32) 



q-^X-qX'W 

coincides with the i?-matrix of the six-vertex model. With an appropriate normalization 
the matrix Rjj/(A) is a finite Laurent polynomial in A. Therefore, after multiplication by a 
simple power factor both sides of ( |1.31| ) can be expanded in infinite series in the variables 
A and fi. We will prove that the relations ( p..31|) are valid to all orders of these expansions. 
In fact, we will construct more general L-operators which satisfy the Yang-Baxter relation 
( p. . 5|) with the universal i2-matrix for the quantum Kac- Moody algebra t/g(s/(2)). The 
equation ( p..31| ) will follow then particular case. 
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2. The Yang-Baxter relation 

The quantum Kac-Moody algebra A = t/q(s/(2)) is generated by elements ho, hi, xq, 
^ii Voi Vii subject to the commutation relations 

[hi, hj] = , [hi,Xj] = -aijXj , [hi, yj] = aijyj , (2.1) 
[yi,Xj] = 5ij ' (2-2) 



and the Serre relations 



x^Xj \^^Xj^x jXi + [3]g aj^ajj-ajj •^j'^i — ^ ) 



(2.3) 



Here the indices i,j take two values i,j = 0,1; is the Cartan matrix of the algebra 
U,{2{2)), 



2 -2 

-2 2 y ' 



and [n]q = (?" - ?-")/(? - q'^). The sum 

k = ho + hi (2.4) 

is a central element in the algebra A. Usually the algebra A is supplemented by the grade 
operator d 

[d, ho] = [d, hi] = [d, xo] = [d, 2/0] = , [d, xi] = xi, [d, yi] = -yi . (2.5) 
The algebra A = Uq{sl{2)) is a Hopf algebra with the co-multiplication 

S : A — > A^A 

defined as 

5(xi) = Xi®l + q~^' ® Xi , 
8{yi) = y^®q^^ + l®yi , 
5{hi) = hi®l + l®hi , 
5(d) = d0l + l0d . 
where z = 0, 1. As usual we introduce 

5' = ao5, ao(a0b) = b0a (Va, 6e^). (2.7) 
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(2.6) 



Define also two Borel subalgebras B- C A and C A generated by d, /io,i, xq, xi and 
^0,1 5 2/05 Hi respectively. There exists a unique element [lT6|,pr7 



neB+^B- , (2.8) 

satisfying the following relations 

6'{a) 7^ = 7^ 6{a) {\/ a e A) , 

(5 o 1) 7^ = 7^^2 7^23 , (2.9) 

where 7^^^ TZ^^.TZ^^ E A(g)A^A and TZ^^ = TZ ^ 1, 7^23 = 1 o 7^, 7^^3 = (a ® 1) 7^23. 

The element TZ is called the universal i2-matrix. It satisfies the Yang-Baxter equation 

^12^13^23 ^ ^23^13^12 ^ ^2.10) 



which is a simple corollary of the definitions ( |2.9|) . The universal i?-matrix is understood 
as a formal series in generators in (8) B- . Its dependence on the Cartan elements can 
be isolated as a simple factor. It will be convenient to introduce the "reduced" universal 
i?-matrix 

^ _ q-(homo}/2+km+d(g>k ^ _ ^gg^.gg ^ ^2.11) 

where yi E B+ ® 1, G 1 B- {i = 0, 1). There exists an "explicit" expression for the 
universal i?-matrix [|T8i|T9| which, in general case, provides an algorithmic procedure for 



the computation of this series order by order. Using these results or directly from the 
definitions ( p.8|) and (2^) one can calculate the first few terms in ( p. 11 ) 



n = l + {q-q ^){yo xo + yi ® xi) + ^ ^ l{q^ - l){yl (g) xl + yf (g) xl) + 

^ (2.12) 
yoVi ® {xixo - q~'^xoXi) + yiyo (g) [xqXi - q~'^xiXo) > + ... . 



The higher terms soon become very complicated and their general form is unknown. This 
complexity should not be surprising, since the universal i2-matrix contains infinitely many 
nontrivial solutions of the Yang-Baxter equation associated with C/q(s/(2)). A few more 
terms of the expansion ( |2.12| ) are given in the Appendix A. 



We are now ready to prove the Yang-Baxter equation ( p. .311) and its generalizations. 
Consider the foUowing operator 



."271- 



£ = e^^^'^Pexp(^y /C(w)rfwj , (2.13) 
where 

/CH =y_H2/o • (2.14) 

Here h = ho = —hi, i/q, yi are the generators of the Borel subalgebra and the V- 
exponent is defined as the series of the ordered integrals of /C(w), similarly to (|1.28|) . Notice 



that we assumed here that the central charge k is zero; considering this case is sufficient 
for our goals. The operator (|2.13| ) is an element of the algebra whose coefficients are 



operators acting in the quantum space ( p..l7|) . It is more general than the one in ( |1.25| ) 
and reduces to the latter for a particular representation of (see below). Consider now 
two operators (|2.13|) 

£®lei3+®l, l®Cel(g)B+ (2.15) 

belonging to the different factors of the direct product B+ ® B+. Using ( |1.19|) for the 
product of these operators one obtains 

{C®1){1® C) =e'''^^^^^ Ve^v(^j^ }Ci{u)duJ Vexpl^J^ /C2(w)dw) , (2.16) 
where 

5{h) = h® 1 + 10 h , (2.17) 

and 



]Ciiu)=V-iu)iyo®q'') + V+iu) (yi q-'') 
K,2{u) =V-{u) (1 ® yo) + V+{u) (1 ® yi) . 
Taking into account ( |1.19| ) and ( p.l|) it is easy to see that 



(2.18) 



[/Ci(wi),/C2(^/2)] =0, Ui<U2, (2.19) 

therefore the product of the P-exponents in ( |2.16| ) can be rewritten as 
(/:®1)(1®/:) =e^"^^('^^ Ve^pi^J {lCi{u) + IC2{u))duJ 

= m , 



2.20) 
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where the co-multiphcation 5 is defined in ( |2.6|) . Similarly 



l^C) =(5'(£) 



:2.2ii 



with 6' defined in ( |2.7| ). Combining (|2.2C1| ) and ( |2.21|) with the first equations in (|2.9| ) one 
obtains the following Yang-Baxter equation 



7^(£®l)(l®/:) = (l®/:)(/:®l)7^. 



(2.22) 



Obviously, this equation is more general than ( |1.31J ). To obtain the latter from ( |2.22| ) 
we only need to choose appropriate representations in each factor of the direct product 
A^A involved in (|2.22|) . Consider the so-called evaluation homomorphism Uq(^sl{2)) — >■ 
Ug{sl{2)) of the form 



xo - 

Xi 



yo 
yi 



Xq'^'^E , 
Xq-'^'^F, 



ho - 
hi 



H 



-H . 



(2.23) 



where A is a spectral parameter, and E, F, H are the generators of the algebra [/q(s/(2)), 
defined already in (|1.26D . One could easily check that with the map ( p.23|) all the defining 
relations ( p.l|) , (|2.2| ) and ( p.3|) of the algebra A = Uq[sl{2)^ become simple corollaries of 
( p..26|) . For any representation n of Uq{sl{2)) the formulae ( p.23| ) define a representation of 
the algebra A with zero central charge k, which will be denoted as 7r(A). In particular, the 
matrix representations of A corresponding to the (2j -(- 1) -dimensional representations Tij 
of f/q(s/(2)) will be denoted Tij{X). Let us now evaluate the Yang-Baxter equation ( |2.22| ) 
in the representations Tij{X) and TTj'ip) for the first and second factor of the direct product 
respectively. For the L-operators one has 



TTjiX) [C] = Lj(A) , TVj,{^) [C] = Lj,{^) , 
with Lj given by ( |1.24| ) , while for the i?-matrix one obtains 

(7rj (A) ® 7rjv(^)) [7^] = pjj'{X/y) Rjy(A/^) 



(2.24) 



(2.25) 



where pjji is a scalar factor and the Rjj' is the same as in ( |1.31| ) ||2C1|| . This completes the 
proof of ( |T3TD . 

We conclude this section with following observation concerning the structure of the 
L-operator (|2.13| ). As one could expect the equation (|2.22| ) is, in fact, a specialization 
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of the Yang-Baxter equation ( 2.10 ) for the universal i?- matrix. To demonstrate this it 
would be sufficient to find an appropriate realization of the algebra A in the third factor 
of the product A®A(»A involved in ( p.iq) , such that ( p.lO|) reduces to (|2.22|) . A little 
inspection shows that each side of ( p.lO| ) is an element of ® A ^ B- rather than an 
element oi A® A® A. Therefore we do not need a realization of the full algebra A in third 
factor; realization of the Borel subalgebra B- is sufficient. Let us identify the generators 
xq^xi G B- of this Borel subalgebra with the integrals of the exponential fields 



1 



Xq 



2tt 



V- iu) du . 



Xi 



2tt 



V+ (u) du . 



[2.26) 



Q-Q Jo Q-Q - JO 

One can check that these generators satisfy the Serre relations ( |2.3| ). To do this one 
should express the fourth order products of x's in (|2.3| ) in terms of the ordered integrals of 
products of the exponential fields V± (u) . The calculations are simple but rather technical. 
We present them in the Appendix A. 

Substituting the expressions (|2.26| ) for the generators xq, xi into the "reduced" univer- 
sal i?-matrix TZ , (|2.12|) one obtains a vector in B+ whose coordinates are operators 
acting in the quantum space ( p..l7|) . It is natural to expect that it coincides with the 
P-ordered exponent from ( |2.13| ). 

Conjecture.i The specialization of the "reduced" universal R-matrix TZ e i3+ ® B- 
for the case when xq, xi G B- are realized as in ( ^.2(\ ) coincide with the V-exponent 



2tt 



£ = Pexp( I }C{u)du) , 



(2.27) 



where K,{u) is defined in ( \2.1^ ). 



One can check this conjecture in a few lowest orders in the series expansion for the universal 
i?-matrix. Substitute ( |2.26| ) into ( p.l2| ). It is not difficult to see that every polynomial 
of x's appearing in ( |2.12| ) as a coefficient to the monomial in y's can be written as a 
single ordered integral of the vertex operators (rather than their linear combination). For 
example, the second order terms read 



[2]. 



q{q-q 
[2], 



q{q 



J(-, -) , {xqXi - q '^XiXq) 



[2]. 



[xiXo-q XqXi} 



[2], 



(2.28) 



This statement requires no restrictions on the value of the central element k. 
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wherdl 



J(cTi,cr2, . . .,cr„) = / V^^(ui)V^^(u2)---V^^(un) dui...dun , (2.29) 

J 27r >ui • • •!(„ >0 

with (Ti = ±1. Using ( lOBD and (|2]2|) one can rewrite the RHS of ( pJ2|) as 



7^= 1+2/0 ^(+)+2/o J(+,+)+yo2/i J(-,+) + yiyo J(+, -) + ... , 

(2.30) 

which coincides with the first three terms of the expansion of P-exponent ( |2.27] ) . We have 
verified this conjecture to within the terms of the fourth order in the generators xq and xi 
(see Appendix A). Notice that starting from the fourth order one has to take into account 
the Serre relations (|2.3|) . The above conjecture suggests that the operators (|2.27|) can be 
reexpressed through algebraic combinations of the two elementary integrals ( p.26| ) instead 
of the ordered integrals ( |2.29| )il. Conversely, this statement combined with the uniqueness 
||17]| of universal i?-matrix satisfying ( |2.8| ) and ( p.9| ) implies the above conjecture. 

Finally let us stress that our proof of the Yang-Baxter equations ( |1.31j ) and ( |2.22| ) is 
independent of this conjecture. 



3. Commuting T- and Q-operators 



It is well known and simple consequence of the Yang-Baxter relation ( |1.31J ) that ap- 
propriately defined traces of the operator matrices Lj(A) give rise to the operators Tj(A) 
which commute for different values of the parameter A, i.e. 



[T,(A),T,.(A)]=0. 



(3.1) 



In fact, there is an certain ambiguity in the construction of these operators. Below we show 
that this ambiguity is eliminated if we impose additional requirement that the operators 
T-,(A) also commute with the local IM (|1.2ip . 



[T,(A),l2fc-i] = . 



(3.2) 



^ Note that this definition differs by the factor from that given in Eq.(2.31) of Ref. [^]. 
^ Perhaps this statement is less trivial than it might appear. In fact, one can always write 
any product of Xo and xi from ( |2.26 ) as a linear combination of the integrals ( ^.29| ), but not vise 



versa, since the elementary integrals ( 2.26 ) are algebraically dependent due to the Serre relations. 
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It is easy to check that the Yang-Baxter equation ( 1.31 ) is not affected if one multiphes 
the L-operator ( |1.25|) by an exponent of the Cartan element H 



L(A) L(^)(A) = e'-^-^L(A) , (3.3) 
where / is an arbitrary constant. Therefore the operators 

Tf (A)=TY.Je^^%(A)] (3.4) 



satisfy the commutativity relations ( |3.1| ) for any value of /. Moreover, this commutativity 
is not violated even if the quantity / is a function of P rather than a constant (despite 
the fact that in this case the operators ( |3.3D do not necessarily satisfy the ordinary Yang- 
Baxter equation (|1.31| )). This is obvious if one uses the standard realization of the spin-j 
representations Hj of the algebra ( p..26|) 



7,,[E] \k) = [k], [2j-k + l], \k-l) , Tx,[F] \k) = \k + l) , T,,[H] \k) = {2j-2k) \k) , (3.5) 

where [k]q = {q'^ — q~^)/{q — q~^) and the vectors \k) {k = 0,1,..., 2j) form a basis in 
the {2j + 1) -dimensional space. Then, using ( |1.19| ) it is easy to show that all the diagonal 
entries of the {2j + 1) x [2j + 1) matrices Lj(A) commute with the operator P. As an 
immediate consequence the quantity / = f{P) in ( p. 4] ) can be treated as a constant and 
therefore the commutativity ( |3.1| ) remains valid. It follows also that the operators ( |3.4| ) 
invariantly act in each Fock module J-'p. 

The commutativity ( |3.2| ) requires a special choice of the function / = f{P)- We show 
in the Appendix C that the operators (|3.4| ) commute with Ii = Lq — c/24 if 

f = 7v{P + N). (3.6) 



Here is an arbitrary integer which obviously has no other effect on (|3.4| ) than the overall 
sign of this operator; in what follows we set A = and define 

T,(A) = TV.Je^-^%(A)] . (3.7) 



In fact, with this choice of / the operators ( |3.7| ) commute with all the local IM (|1.21| ). This 



is demonstrated in Appendix C. The operators ( p.7|) act invariantly in each Fock module 
jFp and satisfy both ( pTj ) and (|3.2| ). 
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The above operators T-, (A) are CFT analogs of the commuting transfer-matrices of 
the Baxter's lattice theory. Besides these commuting transfer-matrices the "technology" of 
the solvable lattice models involves also another important object - the Baxter's Q-matrix 
0. It turns out that another specialization of the general £ operator (|2.13| ) leads to the 
CFT analog of the Q-matrix p. 

Consider the so-called g-oscillator algebra generated by the elements T-C,S^, E- sub- 
ject to the relations 

qE^E. - q-^E.E^ = -^-^ , [n,E±] = ±2E±. (3.8) 

q-q 1 

One can easily show that the following two maps of the Borel subalgebra B- of C/g(s/(2)) 
into the q-oscillator algebra ( |3.8| ) 

h = ho = -hi ±H , uq XE± , yi XE:^ (3.9) 

(here one has to choose all the upper or all the lower signs) are homomorphisms. Under 



these homomorphisms the operator (|2.13|) becomes an element of the algebra (|3.8|) 

C L±(A) = e^'^^^ Pexp (\ J du {V-{u) q^^E± + V+{u) q^^E^)j . (3.10) 
Let p± be any representations of ( p.8|) such that the trace 



Z±(p)=IY,Je±2-P^] (3.11) 

exists and does not vanish for complex p belonging to the lower half plane, Qmp < 0. 
Then define two operators 

A±(A) = Z±i(P)IV,^[ e±-^^L±(A) ] . (3.12) 



Since we are interested in the action of these operators in J-'p the operator P in (|3.12|) can 
be substituted by its eigenvalue p. The definition ( |3.12|) applies to the case 3m p < 0. 
However the operators A-i-(A) can be defined for all complex p (except for some set of 
singular points on the real axis) by an analytic continuation in p. As was shown in , the 
trace in ( |3.12| ) is completely determined by the commutation relations ( |3.8D and the cyclic 



property of the trace, so the specific choice of the representations p± is not significant as 
long as the above property is maintained. 
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The Q-operators (the CFT analogs of the Baxter's Q-matrix) are defined as 

Q±(A) = A±2^//^^A±(A). 



(3.13) 



Similarly to the T-operators they act invariantly in each Fock module Tp 

Q±(A): (3.14) 



and commute with the local IM (|1.21D . The operators Q±(A) with different values of A 



commute among themselves and with all the operators Tj(A) 

[Q±(A), Q±(A')] = [Q±(A), T,(A')] = . (3.15) 
This follows from the appropriate specializations of the Yang-Baxter equation ([2.221). 



The operators Tj(A) and A-i-(A) enjoy remarkable analyticity properties as the func- 
tions of the variable A^. Namely, all the matrix elements and eigenvalues of these operators 
are entire functions of this variable [0,0. The proof is carried out in the Appendix B. It is 



based on the result of pT| on the analyticity of certain Coulomb partition functions which 
was obtained through the Jack polynomial technique. Currently there is a complete proof 
of the above analyticity for Tj(A) for all values of (3'^ in the domain < fP < 1/2 (which 
corresponds to ( |1.30|) ) and "almost complete" proof of this analyticity for A-i-(A) which 
extends to all rational values of (3'^ and to almost all irrational values of 13"^ (i.e. to all 
irrationals values except for some set of the Lebesgue measure zero, see Appendix B for 
the details) in the above interval. It is natural to assume that this analyticity remains 
valid for those exceptional irrationals as well. 



4. The functional relations 

It is well know from the lattice theory that analyticity of the commuting transfer ma- 
trices become extremely powerful condition when combined with the functional relations 
which the transfer matrices satisfy, and, in principle, allows one to determine all the eigen- 
values. Therefore, the functional relations (FR) for the operators Q±(A) and Tj (A) are of 
primary interest. We start our consideration with the "fundamental" FR (fundamental in 
the sense that it implies all the other functional relations involving the operators Tj(A) or 
Q±(A)). 
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i.) Fundamental Relation. The "transfer-matrices" Tj(A) can be expressed in terms 
of Q±(A) as § 

2i sin(27rP) Tj(A) = Q+{q'+H)Q-{q-'-H) - Q+{q-'-^ X)Q-{q^+H) , (4.1) 

where j takes (half-) integer values j = 0, i, 1, |, . . . , cxd. 

Before going into the proof of ( [4.1|) let us mention its simple but important corollary 
a.) T-Q Relation. The operators Q±(A) satisfy the Baxter's T-Q equation 

T(A)Q±(A) = Q±(qA) + Q±(?-^A) . (4.2) 

where T(A) = Ti(A). This equation can be thought of as the finite-difference analog 
of a second order differential equation so we expect it to have two linearly independent 
solutions. As T(A) is a single-valued function of A^, i.e. it is a periodic function of log A^, 
the operators Q±(A) are interpreted as two "Bloch-wave" solutions to the equation ([4.2|). 
The operators Q±(A) satisfy the "quantum Wronskian" condition 

Q+(gn)Q_(Q-5A) - Cl+{q-^\)(^-{q^\) = 2i sin(27rP) , (4.3) 

which is just a particular case of ( ^7T| ) with j = 0. 

To prove these relations consider more general T-operators which correspond to the 
infinite dimensional highest weight representations of Uq{sl{2)). These new T-operators 
are defined by the same formula as ( ^.7] ) 

T+(A) = Tv^^ [e^-^^L+(A)] , L+(A) = n+ [L(A)] (4.4) 

except that the trace is now taken over the infinite dimensional representation ttj~ of ( |1.26|) . 
The corresponding representation matrices tt^ [E] , tt^ [F] and tt^ [H] for the generators of 
( p..26|) are defined by the equations 

7r+[E] \k) = [k], [2j -k + l],\k-l), 7r+[F] \k) = \k + 1) , 7r+[H] \k) = {2j - 2k) \k) , 

(4.5) 

which are similar to ( |3.5|) , but the basis is now infinite, /c = 0, 1, . . . , oo. The highest 
weight 2j of the representation tt^, 



7r+(if)|0)=2i|0), 
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can take arbitrary complex values. Since we are interested in the action of the operators 
T^(A) in jFp the operator P in ( |4.4| ) can be substituted by its eigenvalue p. Similarly 
to ( ^.121 ) the definition ( |4.4D makes sense only if ^mp < 0, but it can be extended to 



all complex p (except for some set of singular points on the real axis) by the analytic 
continuation in p. The operators ( [4 .41) thus defined satisfy the commutativity conditions 



[T,(A),T+(/.)] = [T+(A),T+(^)]=0, 

which follow from the appropriate specializations of the Yang-Baxter equation ( ^.221 ). 

If j takes a non- negative integer or half-integer value the matrices tt^ [E] , tt^ [F] and 
7r^[if] in ( |4.5|) have a block-triangular form with two diagonal blocks, one (finite) being 
equivalent to the (2j -|- 1) dimensional representation tTj and the other (infinite) coinciding 
with the highest weight representation 7r^^_]^. Hence the following simple relation holds, 

T+(A) = T,(A)+Tl^_i(A), J = 0,1/2,1,3/2,... . (4.6) 

In some ways the operators T^(A) are simpler than Tj(A). Making a similarity transfor- 
mation 



which does not affect the trace in ( [4.4|) and observing that 

<(i?) \k) = {Xl q-' -Xlq')\k-1)^ k = 0, 1, 



oo 



where 

X+ = Xq^+^, X- = Xq-^-K (4.7) 
one can conclude that the operator T^(A) can be written as 

T+(A) = T+(0) $(A+,A_), (4.8) 

where 

27ri(2i+l)P 

and $(A_|_,A_) is a series in A^ and A^ with the coefficients which do not depend on j 



and the the leading coefficient being equal to 1. Remarkably, the expression ( [4.81 ) further 
simplifies since the quantity $(A_|_, A_) factorizes into a product of two operators ( p.l2|) 



2zsin(27rP) T+(A) = e2-'(2i+i)P a+(Aq^+^) A_{Xq-^-^) . (4.10) 
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This factorization can be proved algebraically by using decomposition properties of the 
tensor product of two representations of the g-oscillator algebra (the latter are also repre- 
sentations of the Borel subalgebra of t/g(sZ(2)) with respect to the co-multiplication from 
t/q(s/(2)). The detail of the calculations are presented in the Appendix D. The functional 
relation ( [4 .11) trivially follows from ( [4 .61) and ( [4.10|) . 

The relation ( |4.3| ) shows that the operators Q+(A) and Q-(A) are functionally de- 
pendent. Using this dependence one can write (0|) as 



T,(A) = Q(5^+^ A) Q(r^-* A) ^, 1 (4-11) 

where Q(A) is any one of Q+(A) and Q_(A). 

The last group of FR we want to discuss here is the relations involving solely the 
transfer matrices Tj(A) and usually referred to as the "fusion relations"! |j2^. Note that 
these are again simple corollaries of the "fundamental relation" ( ^.Ij ). 

iii.) Fusion relations. The transfer matrices Tj(A) satisfy 

T,{q-^ A) T,iq--^ A) = 1 + T^.+ i (A) T^_i (A) , (4.12) 
where To(A) = 1. These can also be equivalently rewritten as 

T(A) T,{q^+-^ A) = T^_.iq^+' A) + T^.+ i (q^' A) , (4.13) 

or as 

T(A) T,{q-^--^ A) = T^_i (?-^-^ A) + T^+i (?-^' A) . (4.14) 
Considerable reductions of the FR occur when g is a root of unity. Let 

q^ = ±1 and q'^ ^ ±1 for any integer < n < A^, (4-15) 

where A > 2 is some integer. When using (|4.1|) it is easy to obtain that 



e-^^^T,(A) +T._,_,.(A,-) = Q+(Ag^-+^)Q_(A,--^) (4.16) 



^ In fact, all the above FR can also be called the fusion relation since they all follow from 
( 4.10| ) which describes the "fusion" of the q-oscillator algebra representations. 
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for J = 0, ^, . . . , ^ — 1. Similarly, 



^ , , , sin(27rA^P) ^ , , jv , ^ , , jv , , . 

T^_i A = .\ ^ Q+ Ag^ Q- Ag^ . 4.17 



2 2 



Moreover in this case there is an extra relation involving only T-operators 

T^i (A) = 2 cos(27rA^P) + Tn_^{X) , (4.18) 



as it readily follows from ( |4.1D . As is shown in this allows to bring the FR ( |4.12[ ) to 



the form identical to the functional TBA equations (the ^-system) of the Dn type. 

Additional simplifications occur when the operators Tj act in Fock spaces J^p with 
special values of p, 

£+1 

where £ > is an integer such that 2p ^ nfp' + m for any integers n and m. Then the 
RHS's of ( [4.16| ) and ( [4.17| ) vanish and these relations lead to 

T^_^_,(A) = (-l)^T,(gf A), for j = 0, i, 1, f - 1 ; 

' (4.20) 
Tiv_i(A) = . 

2 2 

Further discussion of this case can be found in and [ p3[ . 

Finally, some remarks concerning the lattice theory are worth making. Although our 
construction of the Q-operators in terms of the g-oscillator representations was given here 
specifically for the case of continuous theory, it is clear that the lattice Q-matrices admit 
similar construction. In particular the Q-matrix of the six-vertex model can be obtained 
as a transfer matrix associated with infinite dimensional representations of the g-oscillator 
algebra ( |3.8| )i. In the case of the six-vertex vertex model with nonzero (horizontal) field 
this construction gives rise to two Q-matrices, Q±. As the structure of the FR ( [4.1|) , ( [4.2|) , 
( [1.10|) is completely determined by the decomposition properties of products of represen- 
tations of ?7g(sZ(2)), all these FR are valid in the lattice case, with minor modifications 
mostly related to the normalization conventions of the lattice transfer matrices. 



^ Using this construction it is possible, in particular, to reproduce a remarkably simple ex- 
pression for an arbitrary matrix element of the Q-matrix of the zero field six- vertex model in the 
"half-filling" sector g]. 
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Appendix A. 

Here we present the results on the series expansion verification of our conjecture on 
the structure of the universal i?-matrix for the quantum Kac- Moody algebra Uq{sl{2)). 

We will need expressions for products of the basic contour integrals ( |2.26[ ) in terms of 
linear combinations of the ordered integrals (|2.29D . To derive them one only has to use the 



commutation relation ( |1.19| ) for the vertex operators. For example, consider the second 
order product 



/.27r ^27r 

{q - q-^f xoxi = / : e'^^^"^) : : e^^^'^^ : duidu2 
Jo Jo 



. . . duidu2 + ... duidu2 

2tt>ui>U2>0 J2-k>U2>u^>0 



=J(-,+) + qV(+,-) 



(A.l) 



where J's are defined in (|2.29|) . 

For the n-th order products one has to split the domain of integration in n-tuple 
integral into n\ pieces corresponding to all possible orderings of the integration variables 
and then rearrange the products of the vertex operators using the commutation relations 
( p..l9|) . Below we present the results of these calculations for the products of orders less or 
equal to four, 

1 1 



{q-q 1) {q-q~ 

^0 = 7 Ll\o J{~-: ~) 1 X\ = - LVnO -^"( + 7 +) 



(A.2) 



4 _ q-'m^m, ^ 4 _ 9"^[2].[3],[4], 

"^0 ~ 7~ „_i \4 ^\ ■, 1 1 ) 1 X]_ — — - -3TT4 ^ I't-, -t-, -t-J 
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j(+, +,+,-; 
j(+,-,+,+ 

LJ(-,+,+,+ 

4 

Jl2 

Jl4 
<^23 
</24 
"^34 



(A.7) 



where 



Jl2 
</23 



+ ,+), 



^13 = J(-, +,-,+) 
J24 = + , -, +, -) 



J34 = J( + , +,-,-). 



(A.8) 



(A.9) 



We can now invert 
of products of x's. 



most of these relations (except ( |A.6| ) and ( |A.7|) ) to express J's in terms 
This is not possible for (|A.6| ) and (|A.7| ) because the products of x's in 
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the left hand sides are hnearly dependent (the rank of the four by four matrix therein is 
equal to three) as a manifestation of the Serre relations. In fact, using ( [A.6| ) and ( [A.7| ) 
one can easily check that the Serre relations ( |2.3| ) for the basic contour integrals ( p.26| ) are 
indeed satisfied. It is, perhaps, not surprising that the J-integrals entering ( [A.6| ) and ( [A.7| ) 
appear in the expansion of the L-operator (|2.13|) only in certain linear combination^ which 
can be expressed through the products of x's. We will need the following combinations. 



J(-, +,+,+) + J(+, +,+,-) 
J(+, -,+,+)- [3]gJ(+,+,+,- 



{q - q 



-1\2 



[2]^ 



[3]( 
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For the rest of J's one has 
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(A.12) 



^ This happens again due to the Serre relation but now for the generators yo and yi. 
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X 
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qX^ — [3]gXoXiXoXi -|- XoX-|^Xo~l~ 



J{-,+,+,-)=q 
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j(-, +,-,+; 
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-2(9 - 
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{q - g"^)xiXoXi - q^[2]qXiXoXiXQ + q'^-^xjxl^ 



x^xl + q ^[2]gXoXiXoXi + (q' - g ^)xoXiXo+ 



Expanding the P-exponent in (|2.27| ) in a series one obtains 



/ }C{u)du\ =1 + Y^ y^^y^^---y^^ J{-ai, 

•^0 ^ n=l {..=±1} 



-0-2, 



(A.14) 



-an) , (A.15) 
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where 

y+ = yo. y- =yi ■ 

Let us restrict our attention to the terms in ( [A.15| ) of the order four or lower. One can 
exclude the products yoyf and VqI/i using the Serre relations (P73|). Then one can substitute 
the J-integrals in ( |A.15|) with the corresponding expressions ( |A.14|) - (|A.10|) . There is no 



need to rewrite (|A.15| ) again since this substitution is rather mechanical and no cancelation 
can occur. The resulting expression is to be compared with the corresponding expansion 
of the universal i?-matrix. The latter can be found using the results of |[T7| - |T9[] . The 



notation for the generators of the Uq{sl{2)) used in that papers is different from ours. The 
generators Cq, e_Q, ep, e-p, ha, hp in | |T7| - |TP| are related to xq, xi, yo, yi, ho, hi in (pj.lD-( p75D 
as follows 

ec=q~^°yo, e-a = xoq'^°, h^ = ho , 

(A.16) 

ep = q ^^yi, e-p = xiq^\ hp = hi . 
The expression for the "reduced" universal i?-matrix follows from Eq.(5.1) of Ref. 

m 



, n>0 



- ^ ) ) X (A.17) 



p-nS ) 



,n>0 



where 



°° p(n-l)(2-n)/2 



expp(x) = J2 m ' = [l]p[2]. 



n=0 ^^JP- 



and h^+nS = h^ + n {ha + hp) {h^ = 0, ha, hp). The index n of the multipliers increases 
from left to right in the first ordered product above and decreases in the second one. The 
root vectors Ca+nS, e.-a-n5, etc. appearing in ( [A.17| ) are defined recursively by Eqs.(3.2)- 



(3.5) of Ref.|[T^]. Applying these formulae one obtains first few of them 

ea+s = T^ielep - (1 + q~^)eaepea + q~^epel) , 

^ (A.18) 
ep+s = uyrieaep - (1 + q~^)epeaep + q~'^epea) , 
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[2]. 
1 



(A.19) 



e-p-5 = —{e'ipe-a - (1 + q'^)e-pe-c,e-p + q'^e-o^e'ip) , 



e5 = eaef3-q epe^, es = e-pC-^, - q e-^e-p , (A. 20) 

625 = ^^2^2] l^g^^Q^ ~ ^^[2]? ec.e/3eae/3 + (q^ - Q"^)(eae|ea + epelep) + 

9^ fo 2 2 2 2rol2 I 

(g^ - g"^)(e_c,e^^e_c, + e./je^^C-/?) + q~^[2]l e-pC-c^e-pe-c, - 2Q"^e?_^e^„| . 

(A.21) 

These formulae enable us to calculate the expansion of the universal i?-matrix ( [A.17| ) to 
within the forth order terms. Substituting ( |A.18|) - (|A.21J ) into (|A.17| ), expanding the the 
exponents and calculating their product one gets precisely the result obtained above from 
the expansion of the L-operator (|2.13| ) given by ( |A.15|) and ( |A.14| )- (|A.iq ). 

Finally notice the that the negative root vectors (|A.19| )-( [A.21| ) have particular simple 



expressions in terms of J-integrals ( p.29|) , namely they all reduce to just a single J-integral 
as one easily obtains from (|Xl9D -( [OT| ) and ( |01 )- (|03| ), 



(A.22) 



q-q ^ 

q-^-^^e.^-S = J(+, -) , 

q~q ^ 

q-'^^+'e.p.s = q'^^ +, -) , 

q-q 

q-'^'e.,s = A+, +, -) 

2{q-q 1) 



Appendix B. 

In this Appendix we show that for < < 1/2 the operators Tj(A) ( |3.7D and A±(A) 
( p.l2|) are entire functions of the variable A^. 
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Consider the simplest nontrivial T-operator T(A) = Ti (A) which corresponds to the 
two-dimensional representation of Ug{sl{2)). In this case 

^.m-(i_"0' 

Using these expressions to compute the trace in ( |3.7|) one finds 



T(A) = 2 cos(27rP) + ^ A^" , (B.2) 



where 

= g-e^-^ J(-, +,...,-,+) + g"e-2-^ J(+, -,...,+,-) (B.3) 



2n elements 2n elements 



with J's defined in (|2.29|) . The operators Gn are the "nonlocal integrals of motion" (NIM) 
Ij^ which commute among themselves and with all operators Tj(A). They act invariantly 
in each Fock module J-'p. In particular, the vacuum state \p) G J-'p is an eigenstate of all 
operators G^, 

Gn|p) = Gi^"^)b)|p) , (B.4) 
where the eigenvalues Gn'^'^\p) are given by the integrals |l|] 

GI^'^'^Hp) = dui dvi / dU2 dV2... dUn / dvn 

Jo Jo Jo Jo Jo Jo 

.in C-^) .in C-^)f n (2 .in C-^)^'' (3.5) 

j>l j>l 

sin(^^)) 2 cos(2p {n + J2iv^ ' n,))) ■ 

Let us now examine the convergence properties of the series 

00 

rpivac) ^ cOs(27rp) + J2 <^n (^-S) 

n=l 



for the vacuum eigenvalue of the operator T(A). A similar problem was studied in for 
the series 

00 

Z(A) = 1 + 5^A2-Z, (B.7) 

n=l 
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271- 



(B.8) 



where < /^^ < 1/2. It was shown (using the Jack polynomial technique) that the leading 
asymptotics of the integrals ( |B.(j| ) for large n is given by 



log Zn = 2 {0^ — 1) n log n + 0{n) , n — oo 



(B.9) 



and hence series ( [B.7| ) defines an entire function of the variable A^. It is easy to see that 

(B.IO) 

and therefore the eigenvalue ( [B.6| ) is also an entire function of A^. Similar considerations 
apply to an arbitrary matrix elements of T(A) between the states in jFp. Thus all matrix 
elements and eigenvalues of T(A) are entire function^ of A^. 

Consider now the vacuum eigenvalue ^(''"'^^(A) of the operator A(A) = A_|_(A) defined 
in ( p.l2 ). It can be written as a series 



A(^-)(A) = l + 5^ ^ A2-a^(-cTi,...,-a2n) /""^^(ai, . . . , asn) , (B.ll) 

n=l (JiH hcr2„=0 

where the sum is taken over all sets of variables ai, . . . , = ±1 with zero total sum 
and j(^"^)(o"i, . . . , a2n) denote vacuum eigenvalues of the operators (|2.29|) . The numerical 
coefficients defined as 



Or 



(ai, . . . , a2n) = Z-\p) Tr,^ (e^-^^^:,, ■ ■ ■ £„^J 



where trace is taken over the representation p+ of the g-oscillator algebra 
is given by It is easy to see that 



(jiH ho-2„=0 



j(vac) 



ai, . . . , a2nj 



(B.12) 



and Z^{p) 



(B.13) 



The higher spin operators Tj(A) with j > 1/2 can be polynomially expressed through Ti (A) 



(as it follow from ( 4.13|) ) and obviously enjoy the same analyticity properties. 

27 



To estimate the coefficients ( |B.12|) it is convenient to use tlie explicit form of tlie represen- 
tation matrices pj^{£±) and p+iTi.) given in (D.6). Using tliese one can sliow 



|an(W)| < 



i2n 



(B.14) 



where we have assumed that 



2p 7^ + m 



:B.15) 



for any integer m and any positive integer n. For rational the relation ([B.14|) obviously 
imply 

|a^({a})|<C"^ (B.16) 



is C is some constant. Combining (p.l6|) , ( p.l3| ) and (|B.9|) we conclude the series ( p.ll| ) 
in this case converges in a whole complex plane of A^. In fact, the same inequality ( p.l6| ) 
holds for (almost all) irrational 0^. This follows from a remarkable result of [p4tp5| 



-1 n „27i- 

lim -log TT(l-Q-2^e^^^-^) = / log(2sina;)rfx = , (B.17) 

n^oo rj, I J.-L J 

j = l 



which is valid for all irrational satisfying ( p.lSD except a set of some exceptional irra- 



tionals of the linear Lebesgue measure zero (see [p^,|25[1 for the details) 



Appendix C. 

Using (|1.9| ), ( |1.13| ), ( |1.16|) one can write the Virasoro generator Lq as 

-^0 — — H —A ^ '7m 2-^ '^-nO'-n ■ 



(3^ 24 (3^ 



n>0 



Then it easy to show that 



[Lo,y?(w)] = -idu<^{u) 



Therefore the adjoint action of the the operator exp(z£Lo) on (|3.4|) 



isLo 



Tr, 



gi(^p+/)Hpg^p j'y K{u)du 



(C.l) 



(C.2) 



(C.3) 
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reduces to a shift of the hmits of integration in the P-exponent on the amount of e, where 
e is assumed to be real. Here K[u) is the same as in ( p..29D . Retaining in ( |C3| ) linear in e 
terms only one gets 

[Lo,T;.^^(A)] = -zTr^^. [e*("^+^)^fK(27r)e-^"^^L,(A) -e-^"^-^L,(A)i^(0))l . (C.4) 



Expanding the P-exponent as in ( p.30| ), using ( |1.20| ), the commutations relations ( |1.19| ) 
and ( |1.26| ) and the cyclic property of the trace one obtains 



[Lo, Ty\X)] = sm{nP-f) ^ a(^)(ao, a^, . . . , a^) : e'^'^^^^^.) . _ 



(Jr 



o-qH |-o"„=0 



where 



a(^)(ao, (71, . . . , (7^ = -2 ao e^'^^^'^^-^^Tr^, 



e i/croi/(Ti yar. 



(C.5) 



(C.6) 



with 



and the ordered integrals J(cri, . . . , an) defined in (|2.29|) . Obviously, RHS of (|C.5|) vanishes 
if 

/ = 7r(P + iV) , 

where is arbitrary integer. We set = 0, since ( |3.4D depends on only through a 
trivial sign factor (—1)^-'^. 

Thus the operators Tj(A) ( |3.7|) commute with the simplest local IM Ii = Lq — c/24. 
As it follows from ( [4.12|) and ( p.2|) the coefficients of the series expansions of T-, (A) in the 
variable A^ can be algebraically expressed in terms the nonlocal IM ( [B.3| ). Therefore the 
above commutativity is equivalent to 



[G^,Ii] =0: 



n = 1, 2, . . . , oo . 



(C.7) 



In fact, the operators commute with all local IM ( p..21| ). To check this one has to 
transform the ordered integrals in ( [B.3D to contour integrals. For example, Gi can be 
written as M 







2lT p2lT 

dui I du2 I {qe~ 



V-{ui + iQ)V+{u2 - iQ) + [qe 







2-KiP 



q -e"""" ) X 
) + zO)V_(w2 -iO) 
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Characteristic property of the local IM is that their commutators with the exponential 
fields ( |1.18D reduces to a total derivative |TO| . [Tl] ] 



[l2n-uV±{u)] =d^[: 0^{u)V±{u) : } = d^X^{u). (C.9) 

Here 0^{u) are some polynomials with respect the field and its derivatives. It follows 
then that the commutator of (|C.8| ) with l2n-i, 

C^ = [l2._i,Gi], (C.IO) 

is expressed as a double contour integral of a linear combination of products of the form 
dy^X^{vi) Vzf{v2) and V±{vi) dy2X^{v2). It is important to note that the operator product 
expansion for these products does not contain any terms proportional to negative integer 
powers of the difference [vi — V2)- Therefore the above integrand for ( |C.10|) does not 
contain any contact terms (i.e. the terms proportional to the delta function d{ui —U2) and 
its derivatives). Thus we can easily perform one integration 

27r 



du 







^^2mP v_{u)X+{0) - q-h-^'''^X_{0)V+{u) + qe-^'''^V+{u)X_{0)- 



(C.ll) 

where we have used the periodicity property 

X±{u + 2n) = q-^ e^^^'^ X±{u) . (C.12) 

Using now the commutation relations 

X±{Q)V^{u) = q^V^{u)X±{Q), m>0, (C.13) 

where a"i, a2 = ±1, one can see that the RHS of ( P.llj ) is equal to zero. The higher nonlocal 
IM Gji also admit contour integral representations similar to ( |C.8|) and their commutativity 
with l2A;-i can, in priciple, be proved in the same way. However, these representations 
become more and more complicated for high orders and in general unknown. It would be 
interesting to obtain a general proof of the above commutativity to all ordersi. 



^ B.Feigin and E.Frenkel have pointed out [ |26| that such proof can be obtained by extending 
the results of [10|,11|. 
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Appendix D. 

In this Appendix we present the derivation of the factorization ( [4.10| ). Using the 
definition ( |3.12| ) one can write the product of the operators A± from ( [4.10| ) in the form 

A+(A^)A_(A^-i) = (Z+(P)Z_(P))-'lVp^^,_[e^-^^L+(A^)®L_(A^-i)] , (D.l) 

where 

// = q^+-^ , (D.2) 

and the trace is taken over the direct product of the two representations ® P- of ( P7^ ) 
(these are defined after (|3.10| ) in the main text) and 

n = 'H®l-l®'H (D.3) 

It is convenient to choose the representation space of p+ (/9_) as a highest module generated 
by a free action of the operator on a vacuum vector defined respectively 

as 

P±[^±]|0)± = 0, p±[7^]|0)± = 0. (D.4) 
Defining natural bases in these modules 

\k)± = p± [S^] |0)± , = 0, 1, 2, . . . , oo , (D.5) 

with the upper signs for and the lower signs for p_ one can easily calculate the matrix 
elements 



P±[S±] \k)± = / ^!'' \k - 1)± , p±[£^] |fc)± = \k + 1)± 
{q-q 

P±[n]\k)± = T'2k\k)± . 



(D.6) 



Notice that the trace in for this choice of p± reads 

Z+(P) = Z_(P) = -^^^^. (D.7) 
h sm(27rPj 

Specializing now the formula ( p.2Cl| ) for the product of the two operators L± in (p.l| ) one 
obtains 

\.+ {\p)®l.-{\p-^)=e'^^^ Ve^-p{\ {V-{u)q^£+V+{u)q-^y)dv)j, (D.8) 
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(D.9) 



where Ti is given by (|D.3|) and 

= fiS- ^ + q^ (g) S+ 
The last two equations can be written in a compact form 

S = a-+b- , T = a+ + b+ , (D.IO) 
if one introduces the operators 

a±=/"^T®?^^' b± = q"^^ ^ S± , (D-11) 
acting in p+ (8 p_. These operators satisfy the commutation relations 



-1 " I. I. -ij, I, " 
qa-a+ — g a+a_ = , qo+O- — q 0-0+ = , 

q — q~^ q — q~^ 

where cxi, cr2 = ±1. 

Further, the direct product of the modules p± can be decomposed in the following 

way 



oo 



p+®p_ = © , (D.13) 

where each p^'^\ m = 0, 1, 2, ... , oo, is again a highest weight module spanned on the 
vectors 

\p(^^) = (a+ + b+)''ia+-^b+r\0)+^\0)-, fc = 0,l,2,...,oo. (D.14) 

The constant 7 here is constrained by the relation 

n = 0,l,2,...,oo , (D.15) 

but otherwise arbitrary. To prove that the modules p*^"^-* are linearly independent (as 
subspaces in the vector space P-) it is enough to prove that i + 1 vectors '^^), 
k = 0, 1, . . . , £, on each "level" i = 0, 1, . . . , 00 are linearly independent (the vectors on 
different levels are obviously linearly independent). To see this let us use the commutation 
relations (|D.12|) and rewrite 



Zk = (a+ + 6+)" (a+ - jb+Y-\ A; = 0, 1, . . . , £ (D.16) 
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as ordered polynomials in the variables a+ and 



Zk 

m=0 



If 7 satisfies ( p.l5|) the determinant of the coefficients of these polynomials 

det milo<. = n (7 + r'n'- (D.18) 



n=0 



does not vanish. That implies the required linear independence. 

From the above definitions it is easy to see that the operators H and entering ( p.8| ) 
act invariantly in each module p*-"^^ 

% T : p^"^^ — ^ , (D.19) 

while for the operator £ acts as 

8: — . © (D.20) 

with p^~^^ = 0. The matrix element of these operators can be easily found from ( p.lO| ), 

( CT ), (EH)' 

(p+®P-)[^]|p^^) = -2(m + fc)|pi'-)), 

{p+®P-m\t^) = \t^,). (D-21) 

(p+ ® iP^^) = [^]. [2j - 1 + fc], \pt\) + c^r^ \p^r"^) , 



where we have used ( |D.2[ ). The values of c]^^ can be calculated but not necessary in 



that following. Thus the matrices ( D.21| ) have the block triangular form with an infinite 



number of diagonal blocks. It is essential to note that in each diagonal block these matrices 
coincide with those of the highest weight representation tt^ given by ( [4.5| ) (up to an overall 
shift in the matrix elements of (p+ ® in different blocks). Substituting now ( p.21J ) 

into (|D.8|) and then into (|D.1|) and using the definition (|4.4|) one easily arrives to the 



factorization (|4.10|) . 
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